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INTRODUCTION 

* Growing need of Finite Element Specialists: Due to competition, industry needs more 
and more engineers with solid background of theoretical and practical Finite Element 
Method so as to apply Finite Elements with judgement for avoiding misinterpretation in 
analyzing structures, assemblies, manufacturing processes, etc. That is why Finite 
Element Method need taught during undergraduate engineering programs. 

* Dilemma of teaching Finite Element Method (FEM): Teaching classical FEM involves 
a lot of time spent for heavy mathematics so that average students could not retain much 
about FEM after attending the course. On the other hand, if one just teaches how to use a 
FEM software (most of students just want that), it would be dangerous for industry 
because they would lack knowledge about several essential theoretical aspects of FEM 
and not be able to realize mistakes and to identify which results to be used. 

* A proposed compromise for undergraduate engineering course about FEM: 

1. Title of the course : “Finite Element Method for Deformable Bodies”. Any other title 
could be acceptable, but must show that it is limited to solid bodies, not for fluids. 

2. Prerequisite knowledge : The students must have acquired following subjects: Integral 
calculus, matrix algebra and basic strength of materials. Although basic notions about 
heat transfer by conduction are needed but the complete course on heat transfer is not a 
prerequisite for FEM because it just takes about one hour in the FEM course to introduce 
essential relationships of common sense about heat conduction and convection. 

3. Alternation between theories and practices : In each typical week, there are about 3 
hours teaching a theoretical subject by FEM including 2 to 3 examples to be solved by 
hand for better understanding the theory, followed (one or few days later) by 2 to 3 hours 
of practicing a FEM software for solving simplified but practical problems related to the 
theoretical subjects, the practical problems being prepared with enough guide details so 
that an average student could do it by himself and complete the answers within 2 hours. 
This scenario is repeated for about 13 weeks on about 6 to 7 selected main subjects. 

Subjects and teaching approach for undergraduate engineering course on FEM 

Chapter 1 : Revision on integrals and matrix algebra (subjects not shown) 
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Chapter 2. FEM for heat conduction (6 h class + 4 h hands on FEM software) 

[1 hour]- Temperature gradient 휀⃗ = {∂T/∂x; ∂T/∂y; ... }; heat conduction coefficient k, 
heat flux by conduction 휎⃗=-k휀⃗, heat flux by convection 휎⃗ ∙ 푛⃗=h(T-Tf), steady state 
equilibrium equation; 
followed by an 
example like 2.1. 

No problem for students to understand these concepts before the heat transfer course. 

[2 hours]- Introduction to the principle of stationary functional of heat conduction, 
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Example: A plane piece as shown with material k = 5 W/(m·°C) is 
subjected to a heat flux σ1 = 3000 W/m2 on the left boundary and 
air convection h = 10 W/(m2·°C), Tf = 20 °C on right boundary. By 
using the minimum functional Π, determine the max and min 
temperatures in the body using the model T = c1 + c2·x + c3·y. 

This example could be done by hand within 30 minutes. The advantage of heat 
conduction is that there are several simple but interesting examples like this for student to 
practice and better understand the stationary principle of boundary condition problems (in 
comparison with structural displacement models such as UX = c1 + c2·x + c3·y and UY = c4 

+ c5·x + c6·y, which would take more than 2 hours to solve the problem by hand). 

[3 hours]- Developing the stationary principle Π for plane and axisymmetrical triangular 
elements gives explicit 3x3 matrix equations per element, allowing students to practice 
hand the assembly principle of FEM using models of 2 to 4 triangular elements. 
Example: Solve the previous example using a model of 2 triangular elements. 

 

 
 
 
 
 
 
 

Equilibrium equation for a plane triangular element i-j-k : 

σ1 h 
Tf k 

0,1 m 

0,2 m 

0,4 m 

σ1 h 
Tf 

k 

0,1 m 

0,2 m 

0,4 m 



MEC423 - Finite Element for Deformable Bodies / Prof. H. Champliaud & Lê Văn Ngàn / HCM & DN 2014 /        3 
 

Chapter 3. FEM for 2D truss structures (6 h class + 4 h hands on FEM software) 

[3 hours]- The first half of this chapter is to introduce the 
stationary functional principle for structures, 

      
S

t

V

t
T

tt dSpudVQuCC ][][][][][][][][][][2
1   

and to apply it to 1D spar structures as shown. 

  

 
 
 
 
This subject is classic, 
but mechanical and civil 
students should practice 
examples like this to 
realize important things: 
*Assembly equations and support conditions are essential for calculating displacements 
and reaction forces; *Individual equations are reused in post treatment for calculating 
internal forces and stresses; * Verification of results is a must before accepting them. 
 
[3 hours]- Equations of 2D spar are obtained by transformation equations of 1D spar. 
 
 
 
 
 
 
This subject is classic but need be emphasized on the followings: 
2 degrees of freedom per node (UXi and UYi), 2 nodes per 
element, 4x4 matrix equilibrium equations per element, assembly 
equations, support conditions, reaction forces, internal forces 
(F , etc.), how to calculate axial force Fij at node i and j. 

Example 3.2: Given P = 800 N, ΔT = 25°C, A12 = A23 = 100 mm2, A13 = 50 mm2, 
E = 200000 MPa, α = 12.5E-6 /°C. Using a model with three 2D spar elements, calculate 
reaction forces and axial stresses in each bar. 

P 
ΔT 
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Chapter 4. FEM for beam structures (6 h class + 4 h hands on FEM software) 

[3 hours]- Study 
1D beam models. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[3 hours]- 2D beam structures  
 
 
 
 
 
 
 
 
 

This subject is classic but examples are too long if doing 
from A to Z. It is suggested to give partial results and 
just ask for completing the remaining, chosen such that 
students could do an example within 30 minutes and 
learn more important things on how to calculate axial 
force (Faxial), internal bending moment (M) and 

combined stresses at top and bottom ( ± ∙ ). 

Compléter les espaces vides ci-dessous, construire les 
équations d’assemblage, calculer les contraintes max et min. 

The example 4.2
takes 30 minutes
of hand work. 

It is suggested to give 
partial results and ask 
for completing the 
remaining, chosen so 
that students learn 
important principles 
and could find answer 
with about 30 minutes. 

w = 18 N/mm, P = 10000 N, 
ΔT = 25°C. Compléter les espaces 
vides, construire les équations 
d’assemblage réduites, calculer les 
contraintes combinées max et min. 
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Chapter 5. Isoparametric formulation (6 h class + 4 h hands on FEM software) 

Since related mathematics become heavy and constitutive 
relations are long to manipulate by hand (8x8 matrices for 
just one element, etc.), we must skip some routines 
already practiced in previous chapters (such as assembly, 
solving for displacements …) and spend time for 
accuracy convergence and interpretation of results. 

[3 hours]- Quadrilateral element formulations:  
Theoretical concepts about interpolation using 
normalized coordinates r, s, jacobian matrix, strain-
displacement and stress-strain relationships need be 
learned and practiced to understand how stresses at 
a point are computed by knowing displacements at 
nodes I,J,K,L such as example 5.5. 

[3 hours]- Accuracy, 
convergence, singularity, 
linerized stresses, 
interpretation of solid 
model results: 

Many engineers do not 
verify results of solid 
finite element models 
and often incorrectly use 
them because most of 
FEM books do not insist 
enough on them.  

In this example, stresses 
converge at A but are 
singular at D (→∞) due 
to force at one point. 

Nominal stresses by linearization must be 
done and used for most of design criteria:  
   F = ∫ σ·dy;   M = - ∫ σ·y·dy 

   σx linarized =  - ·  which are practically 
unaffected by mesh density. 

y 

σxD maillage (c) σxD maillage (d) → ∞ : singularité 

σxA maillage (c) σxA maillage (d) 

converge 
A 

D 

A

Dσx linéarisée (c) σx linéarisée (d) 

identiquey 
x 

Résultats du 
maillage (c) 

Résultats du 
maillage (d) 
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Chapter 6. Structural boundary equations (6 h class + 4 h hands on FEM software) 

General principle of boundary equations with FEM: 

For n assembly equations, there are 2n values to be determined. 

     …….. (6.1) 

 

 
Hence, there must be n boundary equations to be identified in order to solve (6.1). 

Some theoretical concepts need to be learned for doing some examples as shown below. 

Example 6.1: (a) Describe a model (number of nodes 
and element connectivity) with minimum number of 
2D beam elements for studying the scissor elevator as 
shown; (b) identify all boundary equations and 
underline those which are not essential. 
 
 
 
 
 
 
 
 
 
 
Example 6.3: 
 
 
 
 
 
 
 
 
 
 
 

[K]nxn {u}nx1 = {FV}nx1 + {FS}nx1 + {Fext}nx1 

known known n values to be 
determined 

n values to be 
determined 

n equations with 2n 
values to be determined 

ci-dessous 

500 N 400 N/m 
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Chapter 7. 3D FEM for structures (3 h class + 2 h hands on FEM software) 

[1/2 hour]- 3D beam elements:  

 
 
 
 
 
 
 
 
 
 
 
[2 hours]- 3D shell elements:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
[1/2 hour]- 3D solid elements: 
 
 
 
 
 
 

Example of 3D beam finite 
element model 

Internal forces and moments at 
nodes of a 3D beam element 

Local Gxyz system and stresses in a 
cross section of a 3D beam element 

Contraintes au dessus 

Contraintes au milieu 

Contraintes en dessous 

Example of shell-element model 
Linear forces fi, linear moments mi 
and curvatures of plate and shell 

4000 brick elements compared to 24 600 tetrahedral elements 
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Chapter 8. Elastic buckling of beams (6 h class + 4 h hands on FEM software) 

[3 hours]- 1D beam structures: Equations for 1 element 
including 2nd order stiffness matrix for large deflection: 
 
 
 
 
 
Assembly equations during buckling = Eigen value & Eigen vector equations: 

Buckling occurs when {U} indefinitely increases with no change of {Fext}. Thus 
[[Kt1] - Pcr∙[Ku2]]{ΔU} = {0} . 

Pcr is the lowest Eigen value, 
and the buckling mode is the 
corresponding Eigen vector.  
 
[3 hours]- 2D beam structures: 

The 1st order element stiffness matrix is the same 
as in chapter 4; the unit 2nd order stiffness matrix 
of an element i-j is, with P = 1, is shown on right 
where  Ks1 = 1.2/L;   Ks2 = 0.1;   Ks3 = L/30; 
c=cos(φ), s=sin(φ); Ks4 = Ks1*s2; Ks5 = Ks1*s*c;   
Ks6 = Ks1*c2;  Ks7 = Ks2*s;  Ks8 = Ks2*c;  

General procedure of elastic buckling analysis: 

1. Perform a static analysis: [Kt1]{U} = {Fw} + {Fext} 

2. Calculate axial forces Pi in elements; build the 2nd 
order assembly stiffness matrix: 
    [Kt2] = Σi P(i)∙[K2u(i)] 

3. Multiply all loads by an unknown factor fcr to get buckling and 
solve [[Kt1] - fcr∙[Kt2]]{ΔU} = {0} for fcr and buckling mode. 

The procedure 1, 2, 3 is very long. 
It is suggested to give enough 
partial results so that it could be 
done by hand within ¾ hour. 

1D beam element with an axial force 
P in compression 

Example 8.3 - Young’s modulus : E = 200 000 N/mm2 
A1 = 1500 mm2, I1 = 800000 mm4 for OAB ; A2 = 1200 mm2, 
I2 = 500000 mm4 for  AC and BD. Using a model with one 
2D-beam element in each segment, calculate the load 
multiplication factor for elastic buckling and draw the 
buckling mode. 

Example 8.2 
Section 1 : H1 = 8000 mm, De1 = 100 mm, Di1 = 75 mm 
Section 2 : H2 = 8100 mm, De2 = 175 mm, Di2 = 150 mm 
Young’s modulus : E = 200 000 N/mm2 
Using a model with two 1D-beam elements, calculate 
the critical load at cabin and draw the buckling mode. 




